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5x1 + LOXZ + 15X3= 30 2l
(5/21 "Ll 5X1 +7 5x2 + 10X3= 2

Solution of N equat with the elimination
method of GAUSS.

The given set of three equations with three un-
knowns will be converted into an upper triang-Le
set.
one may read this way, A1lXl as All times x1,
2X1 as 2 times X1' etc.

Elimination of X1 from eq- 2) and 3).

X1 from ec. 2l
Equation 1) is divided bY All is
plied by A21 is 5,
(A21./A771 ís 5/2, times eq. 1) '

2, and multi-

t5/21 l2xt + 3X2 + 4X3:8) gives

5X1 +7,5X2 + 10X3= 20. This equat.ion is sub-
tracted from eq. 2) . One finds eq. 2') - Xi is
eliminated from eq. 2l ' A21 has become zero.

X1 from eq. 3).
Eguation 1) is divided bY All i-s 2, and multi-
pli-ed by A31 is 3'
(A31/A1f) ís 3/2, times eq. 1).

(3/21 (zxl + 3X2 + 4X3:8) gives

3X1 +4,5X2 + 6X3= 72. This equati-on is sub-
tractêd from eq. 3) - One finds eq- 3') . X1 is
eliminated from eq. 3) ' A31 has become zero'

E1i-mination of X2 frorn eguation 3)

A1lx1 +AL2x2 +A13X3= 81

A21X1 +A22XZ +A23x3: B2

A3lX1 +A32x2 +À33X3= 83

2X\ + 3X2 + 4X3= I

5x1 + 10X2 + 15X3= 30

3x1 + 6X2 + 5X3: -2

1)

2t

J)

1)

2l

3)

2,5X2 + . 5X3= 10 2' 't

5x3= -2 3)6x2
13/2)*1,)

3X1 +

3xL +4 5X2 a2-
+
+

L,5X2 - X3=-14 3')

Equation 2') is divíded bY the 'new'
and multíplied bY A32 is 1,5 of eq.
(A32/A22) is 1,5/2,5 times eq' 2'l '

(L,5/2,51 / (2,5x2 + 5X3: 10) gives

A22 is 2,5
3') .

2X7, + 3X2 +
2,5X2 +
L,5N2 -

t,5x2 -
(r,5/2,5)*2',I 5X2 +

4x3= 8

5X3= 10
x3=-14

1)
2r)
3')

1
x3=-14

3X3= 6'
3.)

4X3=-20 3 " )

L,5X2 + 3X3: 6. This equation is subtracted
from eq. 3') . one finds wq- 3" ) .

X2 is eliminated from eq- 3' , A32 has become

zero -

This way three equations are fóund from which
the.three unknowns can be solved by backuard
substiÈution. One starts with the last eguation
and works back to the first equation'

zxl + 3X2 +

2,5X2 +
4x3= B

5x3= 10
4x3=-20

A11Xl +ALZXZ +A1-3X3: I
A22X2 +A23X3: 10

A33x3=-20

Backward substitution

From eq. 3") follows x3:-20/A33'
And with 433:-4 is X3: -20 / -4-5.

In the beginning was A33:5, becarne in eq' 3')
433:-1, and in eq. 3 r t 1 A33:-!l '

From eq 2') follows X2:|'LO-5X31 /A22 or
X2= (10-5 t5D / 2 .5=-L5 / 2,5:-6 -

From eq.1 follows X1= (8-4X3-3X21 /AL]- or
X1= B-4 2: 8-20+18 /2:6

1
,
3

5

Solution: Xl-:3 X'2:-5 X3:5

a-1



R:BB (K) : BB (K) =BB (I) : BB (I)=R
Exit For
End If
Next I
ïf T:0 Then ... Sêe next page.

End If

A11X1 +A]-2X2 +A13X3 +A14X4= 81

Private Sub GAUSS o
NNG:0
For K:l To N-1
If AA(K,K):0 Then
T:0 : For f=K+1 To N

ïf AA(I,K)<>0 Then

A22X2 +A23X3 +A24X4: B2

A32X2 +A33X3 +A34X4= 83

A42X2 +A43x3 +A44X4= 84

f T:1 : For J=K To N

I R:AA(K,J) : AA(K,J) :AA(r,J)
lea{r,.r1 :pL Next J

Pri.vate Sub GAUSS ( )

The sol-ution of N equations with t-he elimina=
tion method of Gauss.

For K=1 To N-l the elimination Process will- be
carried out in the equations I=K+1 To N.
Suppose N:4 equations, then as follot"rs:'
if K=1 then X1 from eq. 2 Xo 4,
íf K=2 then X2 from eq. 3 to 4,
if K:3 then X3 from equation 4.

In the program code the arrays are
AA(,) BBO and xxO.
fn the elimination process there is divided by
the diaqonal element AA(K'K), see left below.
So AA(K,K) can not be zero.
Is AA(K,K)=0 then in the column under ÀA{K,K)
sha1l be searched for an element AA(I,K)<>o. As
soon it is found eguation K and I will be ex-
changed;
the elements J=K To N of the rows K and I of
matrix AA' and
the elements K and Í of vector/column BB.

Suppose the first eliminatíon is done, see on
the 1eft, and that AA(K'K)=AA(2'2)=0. Then in
the K=2"d colurnn of AA for I=3 To 4 will e
searched for an element AA(I'2)<>0.
Before it is assumed wi.th T=0 (third line 1eft"
above) that such an element is not found.
Is after Next I.....-....-End If still T:0 then a
solution is not possible and is the subroutine
left with Exit Sub.

Has T becorne T=1 then an element AA(K'I)<> has
been found, and after the exchanqe' the elimi-
nation process is carried out with the 'new'
AA(2,2).

K:2 Elimination oÍ X2 from eq. 3' en 4t.

For I=K+L To N= 3 To 4

X2 from eq. I=3. (that's eq. 3')
2,2) to AA (2, 4 ) ofThe elements AA(K'J)' AA(

eguation K:2 (is 2'1, are divided by AA(K'K) is
AA(2,2) and multiplied by AA(Í,K) is AA(3'2) -

But f irst y:3,i1 ( I, K) /AA (K, K) is AA (3, 2) /M(2,21 .

For J:K To N=2 TO 4 the elements AA(2,,J) are
multiplied by V and subtracted from the ele-
ments ÀA(3,J) .

AA (I, J) =AA (Ir J) -V*AA (K' J)

1)

2.')

3')

4r)

All

0

0

0

AI2 A].3

A22 A23

A32 A33

A42 A43

A

A14

A24

A34

A44

x1

x2

x3

x4

B1

82

B3

B4

bx

I=3 Suppose AA(I'K):AÀ(3'2):0
Then follows Next f.
Í:4 Supp. AA(4'2r<>O then the elements
J:K To N:2 To 4 of row K=2 and row I:4
of matrix AA, are exchanqed'
T becomes T-1.

J:2
n:ae(2,2)

J:3
R=AA(2' 3)
J:4
g=g;q (2, 4 )

s:ss (2)

AAl2,2) :AAl4,2l AA(4' 2) =n
AA(2,2) has become <>0.

AA(2,3)=AA(4,3) ÀA(4'3)=R

AA(2,4):AA(4,4) AA(4' 4) =P

BB (2):B (4) BB (4):n

t

'The elimnation process
For ï:K+1 To N

V:AA(I,K) /AA(K,K) : NNG:NNG+I
Eor J:K To N : NNG=NNG+I
AA ( I, J) :Aa ( ï 

' 'f ) -V*AA (Kr. J)
Next J
BB(I):BB(ï) -v*BB(K) : NNG:NNG+I
Next I

AA (3, 2 ) :AA (3' 2l -v*AA(z, 2't
Al\(3,2) has become zero.
AA (3, 3) =AA (3 r 3 ) -V*AA (2' 3 )

V iholds' AA(3'2) from before For .f= K To N,
so, not the AA(3'2) which became just zero.

AA(3, 4) =AA(3, 4) -V*AA(2' 4) and after
J Follows

J=2

J:3

,J=4
Next

BB(I)=BB(I)-v*BB(K)
BB(3)=BB(3) -v*BB(2)

This way the third equation 3"has arasen'

2

Next K



See preceding page

Next I

ïf T:0 Then
CurrentX:900 : CurrentY=?50
Print "No solutíon possible"
Exit Sub
End If

X2 from eq. ï:4

v:a;q ( r, K) /AA (K, x) =A.A (4,2) /AA12,2)
For J:K To N=2 To N the elements AA(2,J) are
multiplied by V and subtracted from the e1e-
ments AA(4,J).

J=2 AA 14, 2) =AA ( 4, 2, -V* AA (2' 2'l
A.i\ ( 4, 2 ) has become zero .

AA (4, 3) =AA (4, 3) -V*AA(2, 3)
ÀA (4, 4 ) =AA (4, 4 ) -V*AÀ (2, 4 )

J=3
J=4

End ïf

A11X1 +Al2X2 +A13x3 +414X4= 81

A22X2 +A23X3 +A24X4: B2

433X3 +A34X4: 83

A44X4: 84

1)

2')

3r,)

4rrr)

BB(4)=BB(4)-V*BB(2)
This way arises eq. 4 " ) .

Next follows the elimj-nation of X3 from equa-
tion I=4 (is 4" ) and arises eq. 4',, ) .

Backward substitution

After the elimination process N equati-ons are
arisen from which the N to 1 (counting back)
unknowns can be solved, as is written out below
for N:4.

I:4
I=3
Í:2
r=1

I:3 Í<4?
J:4

x4:{(84 -( 0 ))
x3:{ (83 - (A34X4 ) )
x2:l lB2 - (A24x4 +A23x3 ) )

X1={ (B1 -(A14x4 +A13X3 +Al2x2)\

I /A44
T /A33
I /A22
I /AIL

À11 AL2

. A22

If AA (N, N; =6 1'5"tt
CurrentX:9O0 : CurrentY=750
Print "No solution possibleÍr
ExiÈ Sub
End If
'Backward substitution.
G:N+1,
FQr I=N To 1 Step-l : S-0
If I<N THEN
For rl:N To G Step-1
S:S+AA ( I, ,J) *XX (J) : NNG:NNG+I
Next J
End rf
G:G-1 : NNG:NNG+1
){x (I) = (FB (I) -s) /AA(I, I)
Next f

End Sub

But first G=N+1.
And then the calculation of XX(I).

For f:N To 1 Step-l : S:0
For each I sum S is determined with
For J=N To G Step-l except when I=N.
If I<N Then ..-.-.-.-.-.. sum S ..-.-.. End If
After End If becornes G=G-1.
After that XX(f) is calculated for each I with
>(x (I) = (BB (I) -s) /AÀ (I, I)

Ítlith N:4 is G:N+l=S

I:4 L<4? no S stays S=0
xx (4 ): (BB (4 ) -0) /AA (4 

' 
4 ) G:G-1:4

A13

A23

A33

A14

A24

A34

A44

B1

B2

B3

B4

x1

x2

x3

x4

yes J:N To G:4 To 4 SÈeP-1
S:0 +AA(3,4)*xX(4) G=G-1=3

t
Y'x (3 ) : (BB (3 ) -s) /AA (3' 3 )

yes J:N To G:4 To 3 SteP-1
S:0 +AA(2r4) *XX(4)

S=S +Aj\(2,3)*XX(3) G=G-L=2

xx (2 ) : (BB (2) -Sl /AA12' 2)

yes J:N To G:4 To 2 SteP-1
s=0 +t\A (1, 4 ) *XX (4 )

S=S +AA(1' 3) *Xx (3)
S=S +AA(It2)*xX(2) G:G-1:1

I=2 ï<4?
J:4
J:3

ï:1 Í<4?
.l:4
J:3
J:2

3

End Sub

xx (1) = (BB (1) -S) /AA(1' 1)



All A12 A13 A14

A2t M2 PA3 A24

A31 A32 A33 A34

A41. A42 A43 A44

A

D11

D21

D31

D41

D22

D32

D42

D

D33

D43

X1

x2

x3

x4

x

B1

B2

B3

B4

!

Solution of N equations with the decomposition
method of CROUT.

Fig. 1.
The set of N equations will be solved by decom-
posing
matrix of coefficients A ito
lower triangular matrix D and
upper triangular matrix E in such way that
Ax=D Ex:b.

With E x : I becornes D y - b.

The unknowns Y are solved from D y: b,
after that the unknowns X from E x : y,
see paqe

For that first the e.Lements of D and E must be
dtermined using matrix multj-plication A : D . E

Row I of matrix D times column J of matrlx E.
For each ï, except whwn I-N, the calculation is
carried out in three steps' of

a) the diagonal element D(I'I),
b) the elements under D(f'I), and
c) the elements right of E(ï'f)-1.

ELg.2a and 1.

a) The 1st diagonal element D(1'1).
All: 1st row of D times Lst column of E.
All:D1 1 *E1 1+D12* 827+DL 3* 831+D1 4 *E4 L

=D11*1 + 0*0 + 0*0 + 0*0 so that
D11=A11.

b) The 2nd to 4th element of D under D(1'l-).
A2t: 2nd row of D times 1st eolumn of E.
M!=D27* E]-'[,+ D22* E27+ D2 3* E 3t+D2 4 * E4]

:D2]-*7 +D22+O + 0*0 + 0*0 so that
DzT:FQ,\.

A31: 3rd row of D times 1st column of E-
:D31*1 +D32*0 +D33*0 + 0*0 so that

D31=A31,

A41= 4th row of D times 1st coLumn of E.
D41*1 +D42*O +D43*0 +D44*0 so that

D41:A41.

c) Elenent 2 l/m 4 rechts van E(1,1).
A12: 7e rij van D maal 2e kolon van E-
A12-D1 1 *E1 2+DI2* E.22 +D13+832+D1 4*842

=D11*812+ 0*1 + 0*0 + 0*0 zodat
E].2=Al2/D\1.

413: 1st row of D times 3e column of E.
:D11*813+ 0+E23+ 0+1 + 0*0 so that

813:A13/D11.

A14: lst row of D times 4th column of E-
=D11*E14+ 0*E24+ 0*834+ 0*1 so that

814=A14lD1l-.

E23t E24t and 834 are stil-l- unknown, no prblern'
they are rnultiplied bY zero.
There will be divided by diagonal el-ement D11
Er wordt gedeeld door het diagonaalelement D11
which must be (>0.

't_ E\2 813 Er.4

. 1 823 824

L E34

.1

D44

.?

D44

X1

x2

X3

x4

B1

B2

B3

B4

xE !

D11

D21_

D31

D4L

l-ot,.
I ozt
I n:r
I narL-

['

D22

D32

D42

D

Yi,

v2

Y3

Y4

B1

B2

B3

B4

T!

D33

D43

7 Ejz 813 814

. 1 E,23 E,24

1 E34

.I

x1

x2

X3

x4

xE

ï1

v2

Y3

Y4

v

I=1

Fig. L.

Et-2 813 E14l
1 --l-11 1l

t
TLg.2a.



Fig. 2b.

a) The 2nd diagonal element D(2,2).
A22= 2nd row of D times 2nd column of E

Multiplications bij zero are not shohrn!
A22=D2I*E12+D22*L from which follows
D22=A22-D2T*Ej-2 -

b) The 3rd and 4th element of D under D(2tZ).
432= 3rd row of D times 2nd column of E.

=D31*E12+D32*1 so that
D32=432-D31*E12 .

442= 4Èh row of D times 2nd column of E.
=D41*EI-2+D42*1 so that

D42=A42-D4I*E12 .

c) The elemnets 3 and 4 of E right of E(2,21
A23= 2nd rovt of D times 3rd column of E.

=D21*El-3+D22*823 so that
n23= ( A23-D21*8131 /D22.

È24= 2rrd row of D ti-mes 4th column of E
:D21*814+D22*824 so that

,24=(A2 4-D21*814) /D22.

Eí9.2c.
a) The 3rd diagonal element D(3,3).

433= 3rd ro\,r of D times 3rd column of E.
:D31*E13+D32*823+D33*1 so that

D33=433-D31 *E13-D32 *E2 3 .

b) The 4th element of D under D(3,3).
443=  th row of D times 3rd co1Énn of E.

D41*E13+D42*823+D43* 1 zodat
D43=À43-D4 1*E13-D42 *823 .

c) The 4th element of E right of E(3,3).
À34= 3rd row of D times 4th column of E.

=D31*EL4+D32*824+D33*E34 so that
E34= (A34-D31*E1-4-D32 *82 4),/D33 .

a) And finally the 4th diagonal element D(4,4).
A44= At.h row of D times 4th column of E.

=D41*814+D42*824+D43*834+D44*1 from which
D44=A44-D41*814 -D42*824-D43*834 .

Fís.2d.
The calculated elements of the matri.ces D and E

can be placed in one single matrix. on the left
one sees in the first column in order the to be
calculated elements of matrix D and E.
Each calculated element does not change any
more and will be used at least one time when
following elemenÈs are calculated, except D44.

Row- and column number of a calculated element
are the same as that of the used element of
matrix A which w111 not be used any more.

E,g. D32=À32-D31*812 Now one can write
A32=A32-D3L*8L2. The old A32 is replaced

by the new 432, and so on.

After the complete calculation the o1d natrix A
is replaced by a new matrix A.

D1l-

D2t

D31

D41

p22

p32

p42

I Ea2 813 814

. 1 E23 E24

1

.1

Í=2

Fis.2b.

I=3

Fig.2c.

Fig. 2d

D11

D2t

D31

D41

D1_1

D2t

D31

D4L

a) D11
b) D2t

D31
D41

c) E]-2
813
814

a) D22
b) D32

D42
c) 8.23

E'24

D22

D32

D42

p33

p43 D44

1_ 81"2 EL3 Et 4

. l_ 823 824

L E34

.1

812 E13

D22 823

D32 D33

D42 D43

A

814

Ê24

E34

D44

All
A27
A3L
A41
A12 DL1
A13 D11
A14 D1l

A22
A32
A42
A23
A24

D2t
D31
D4J-
D21-
D2I

EL2
Et2
Et2
Et3 D22
8L4 D22

a) D33 | A33
b) D43 | A43
c) E34 | A34

D3l- E13 D32 E33
D41 EL3 D42 833
D31 E14 D32 E'24 D33

a) D44 | a+a o<r 83,4 D42 F,24 D43 F,34

S



Private Sub CROUT ()

r
I

Private Sub CROUTo
NNC-0
For f:1 To N : S:0
'a) The diagonal elements AA(I,Í)
If ï>1 Then
For J:1 To I-1
S=S+AA(Ir J) *AA(,t.I) : NNC:NNC+1
Next J
End ïf

AA(I,I):AA(I)-S
ff AA(ï,I)-0 Then
CurrentY=CurrentY+2 1 0

CurrentX:300
Print "No solution possible. 'i
Exit Sub
End ïf

The sol-ution of N equations with the decomposi-
tion method of CROUT i-n coefficient matrix AA.
The calculated elements of the matrices DD and
EE give new values to the elements of matri-x
,AA. ïn explanation A instead of AA, et'c. and
,values simplified.
For N:1 To N:5 the elements are calculated in
:three steps.

a) The diagonal eLêments A(ï'I).
These wêre D(I'T) on the preceding paqes-
Wit.h help <lf the calculation order shown there
follow the elements for matrix A.

Ar.1:A11- ( 0 )

P22:M2- lPQ.l*A72 )

A33=A33- (A31*A13 +432*423 )

A44-A44- (A41*414 +A42+A24 +A43*A34 I
A55-A55- (A51*A15 +A'2*PCS +A53*435 +A54*A451

sum s

ïf I>1 Èhen calculation of sum S follows' but
first S-0. The number of times that for sum S

has to be multj-plied is
For J:1 To I-1 and sum S then becomes
S:S+A(IrJ)*A(J, I). (That was D(1,J)*E(J, I) -")
And then the diagonal element with
A(1,I)=A{I'I)-S.

Is A(1,I)=0 then a solution is not possible and
is the subroutinê left with Exit Sub. There
wilf be divided by A(I,I), see next Page.
Is A(1,I) <>0 then the calculation can be con-
tinued.

Fig. L.
I-1 S-0 I>1? no' no calculation of S, S:0.

A(1, 1) =A(1, 1) -0
Then follow step b) and c) and are the
elements under A(1'1) and the elêments on
the ri-ght of A(1r1)rechts van A(1r1) cal-
culaÈed.

1 E12 E13 E14 El-s

- 1 E.23 824 E,25

1

Dl1

D21

p31

D41

D51

A11

A21-

A31

A41

A51

D22

D32 p33

D42

D52

A12

pe2

A32

A42

A52

A13 A14 A15

A23 A24 A25

A33

1

1

I:2

I:3

S=0 I>1 For J:1 To I-1-1 To 1

s:O+A(2r L)*A(1,2) D{2,r.l*E{1,2)
A(2,2):Al2,2l-S after that stêp b) en c)

S=0 I>1 FOR J=1 fo I-1:1 To 2
See the underlined elements.
S=0+A(311)*A(1,3) D(3,1)*E(1,3J
s:s+A ( 3r 2) *A(2, 3] D (3, 2 ) *E (2, 3 )

A(3'3)=A(3,3)-S after that ,step b) en c)

S:0 For J:1 To 3
S=0+A(4r 1) *A(1,4)
s-s+A (4,2 ) *A(2, 4)
S:S+A(4r 3) *A(3' 4)
A,(4'41=A(4'4)-S

S=0 For J:1 To 4

S:0+A (5, 1) *A ( 1, 5)
S=S+A ( 51 2l +A(2 | 5)
s:s+A(5,3) *A(3,5)
S=S+A(5,4)*A(4,5)
A(5,5):A(5,5)-S

Í:4

ó

Fig.l- I:5



I

t

All

A21

A31

A41

À51

All

A?1

A31

A41

A51

A12

A??

A3:

A4?

A52

A1Z

N2

A3?

A42

A52

rb) The efements under AA(I'I) '
For J:f+l To N : S=0
If f>0 Then
For K:1 To I-1
S=S+AA (,Jr K) *AA (K, I ) : NNC=NNC+1

Next K
End If
AA(J, I):Ai\(J, I) -S
Next J

b) The el-e.ments under A(ï'I). lfas D(f'f ).
For f=1 To N:5 these elements become

p.2'J--PÉI -
A31=A31 -
A41:A41 -
A51=A51 -
A32=A32 - (A31*A12
A42=A42 - (A41*A12
A52=A52 - (A51*A12

A43-A43 - (A41*A13 + A42*A23
A53:A53 - (A51*A13 + A52*A23

A54:A54 - (A51*A14 + A52*M4 + A53*434)

sum s

J:1+1 To N times an element under A(Ï'Ï) will
be caLculated for an Í.
Is I>1 then sum S is calculated for which
For K:I To ï-1 element producÈs A(J'K)*A(K'ï)
are sumêd wi-th
S=S+A(JrK) *A(K'I).
Next K
After that the element under A(I,I) becomes
A(J'1)=A(J'1)-s.

0
0
0
0

ELg.2 .

'c) The elements right of AA(Ï,Ï)
For 'J=I+L To N : S:0
If Í>L Then
For K:1 To I-l-
S:S+AA(IIK) *AA(K,'J) : NNC:NNC+1
Next K
End If
AA (1, .t) : (AA (r, J) -S) /AA (r' 1)

NNC:NNC+1
Next 'JNext I

ALL A12 A13 Ar.4 4L5

PA.L A22 PQ.3 A24 pÊ.5

A31 A32 A33 A34 1=3 J-4

A41 A42 A43

A51 A52 A53

Fig.2.
1:3 For J:ï+1 To N:4 To 5

S=0 I>1 For K:1 To I-1:1 To 2
J:4 K=1 S-0+A(4r 1)*A(1,3)

K=2 S=S+A(4r 2)*Al2'31
A(4'3)=A(4'3)-S and then J-5

The elernents rj-qh of A(f rI). lilas E(IrI).

A13 A14

A23, A24

A33

A43

A15

A25

A13 A14 A15

A23 A24 A25

A33

A43

A53

ï:3 J:4

I-3 J:5

I=3 J:5

etc.

s12= (A12 _
a13: (A13 _
414= (A14 _

615: (A15 _

A23:(A23 - (A2t*A13
PzA-$24 - (À21*A14
A25- (A25 - (A21*A15

A34-tA34 - (A31*A14 + A32*A24
A35: (A35 - (A31*A15 + A32*A25

Fiq. 3.
Í:3 For J=I+1 To N=4 To 5

S-0 I>1 For K:1 ïo I-1:1 To 2

J:4 K=1 S:O+A(3r 1) *A(1' 4)
K:2 S:S+A(3,2)*A(2,41

A(3' 4 ) : (A(3r 4) -S) /A33

0
0
0
0

'tl /AtL
) ) /A11
) ) /ALL
) I /411

A45-(A45 - (441*415 + A42*A25 + A43*A35) I /A44

Like abovee row with addition
S:S+A(IrK) *A{K,J) and
Next K and thê elêment right of A(I'I) becomes
A(I' J) -(A(I' J) -s) /A(I' I) .

ll /M2
n lAcz
J1/P,2

I ) /A33
) ) /A33

etc.

All

A21

A31

A4L

À51

A12

M2

A32

A42

A52

At-3 A14 A15

A23 A:4 A25

A33 A3it A35

A43

Á53

Is I=5 then follows
For J:f+1 To N=6 lo 5, which means that the
calculation for step b) and c) is not carried
out.

7

Fig.3.



E

' Forward substitution.
G=0
For I=1 To N : S=0
If I>1 lhen
Í'or J=1 To G

s:s+AA(IrJ)*YY(J)
Next J
End ïf
YY (r) : (BB (r) -S) /AA(r, r)
G:G+1
Next I

D11*Y1 =81

D21*\.1+D22*y2 :82

D31*Y1+D32*Y2+D33*Y3 :83

D4L*Y \+D 42*Y2+D4 3*Y3+D4 4 *Y4=84

The solution of the N equations in two steps:
Calculation of the unknowns y from D y : b and
calcul-ation of the unknowns x frorn E x : y.

Forward substitution. D v:b
Fig. 3.
The elenents of the Lower triangularmdtrix D,
see page 3l , are now the elements of the
l-ower triangularmatrix A. The solution of the
unknowns y is written out below.

y1: (B1 _
y2: (82 _
y3= (B3 _
y4: (84 _

( 0 ))/A11
(421*Y1 ')) /M,2
(A31*Y1 + A32*t2 ))/A33
(A41*r1 + A42*Y2 + A43*Y3))/A44

All

A2L

A31

A41

M.2

A32

A42

A33

443 A44

ï1

Y2

Y3

Y4

sum S

Before G:0 and then the calculation of Y(f).
For I:1 To N : S:0
fs I>0 then sum S is calculated.
The number of multiplicatj-ons foflows with
For J:1 To G and the sum becomes
S:S+A(Ir J) *Y (J)
Next J and after End ff follows
Y(I)=(B(I)-s)/A(I'ï) and after that follows
G:G+1t
for the next I the number of nultiplications
in-creases with 1.

B1

92

B3

B4

YL

Y2

Y3

v4

ï-1 ï>1? no S stays S:0
Y(1)-(B(1)-0) /A11,7) G-G+1:0+1:1

Fiq.3.

t

I Backward substitution.
G=N+l-
For ï:N ?o 1 Step -1 : S:0
If ï<N Then
For J:N To G Step -1
S:S+AA ( I, J) *XX ( J)
Next ,J

End If
XX (I):YY 111 -5
c:G-1
lilext ï
End Sub

1*1 +EL2*X2+813*X3+Ë14*X4-Y1

1 *X2 +82 3 *X3+82 4* X4=Y 2

1*X3+834*X4:Y3

1*X4=Y4

1, Et"z Er.3 Er.4

. 1 E,23 E,24

1 834

.1

1>1 yes For J:1 To G=1 To 1

J-1 S-0+A (2, 1) *Y (1)
t (2)= (B (2) -s) /A12,2) G:G+1=1+1:2

1:3 I>1 yes For J-1 To G:1 To 2
J:1 S:0+A(31 1) *Y (1)
J:2 S:SIA 13,2t*Y 12) with
Y(3):(B(3)-s)/A(3'3) G:Gt1:2+1=3

T:4 f>1 yes For J:l- To G:1 To 3
J-1 S:O+A(4,1)*r(1)
J=2 S-S+A (4 r 2l *Y (2'l
J:3 S:SïA(4'3)*Y(3)
Y (4): (B (4) -S) /A(4, 4')

Now the unknowns Y(I) are known the unknowns
X(f) can be solved from E x - y.

Backward substitution.
Fig. 4 .
The elements of upper triangularmatrix E

unequal to 1 are now the elements of upper tri-
angularmatrix A (without main diagona]).
Starting with X(4) then follow
x(4):Y(4)-( o )

X(3):Y(3)-(A(3,4)*X(4) )
x (2):y (21 - @Q,4) *x (4) +A (2,3) *X (3) )

X ( 1) =Y ( 1) - (A ( 1' 4 ) *X (4 ) +A ( 1, 3) *X ( 3) +A (1, 2) *X (2) |

This part of the program is the same as with
the elimination method of CÁUSS, page 3 , but
now
X(1):Y(I)-S in stead of
X(I)=(B(I)-S)/A(I,I), and A(I'I)-1 can be
omitted. FinaIly
End Sub.

X1

x2

x3

X4

0

Fig. 4 .



Subroutines GAUSS and CROUT from
the program.
"No solut.ion possible" to appear
ín case of divísion by zero here
below.
Also for CROUT if AA(ï,I)=0.

Private Sub GAUSS ( )
NNG:0
For K:1 To N-L
If AA(K'K):0 Then
T:0 : For I=K+1 To N

if AA(I,K) <>0 Then
T:1 : For J=K To N
R:AA(K, J) : AA(K,31=9.6(r.J)
AÀ (I, TT):R
Next J
R:BB (K) : BB (K):BB (I) : BB (I):R
Exit For
End If
Next I
rf T:0 Then
CurentX:900 : CurrentY:750
Print "No solution possible"
Exit Sub
End lf

End If

'Ttre elimination process.
For ï:K+1 To N

Y-fttr(I,K) /AA(K,K) : NNG=NNG+1
For J:K To N : NNG:NNG+I
AA (I, J) :AA (I, J) -V*AA (K, J)
Next J
BB (I):33(ï) -V*BB(K) : NNG:NNG+I-
Àlext f

Next K

If AA(N.N):0 Then
CurrentX:9O0 : CurrentY:?S0
Print "No solution possiblen
Exit Sub
End If
'Backward substitution.
G:N+1
Fer t:W To I Step-L : S:0
ti t<n rsnn
For J=N To G Step-1 _

S:S+AA(I,J) *XX(J) : NNG=NNG+1
Next J
End If
G:G-1 : NNG:NNG+1
xx (I): (BB (ï) -s) /AA (1, I)
Next f

t

i
End Sub

- glith NNG and NNC the multiplications and divi-
sions are counted prínted \^/ith NMD' sêe the
eamples.

Private Sub CROUT o
NNC:0
For I:1 To N : S:0
'a) The diagonal elements A.A,(f,f)
If I>L Then
For J:1 To f-l
S:S+AA(ï'J) *AA(J'f) : NNC:NNC+1
Next J
End If

AÀ(I,ï):AA(ï)-S
rf AA(I,I):0 Then
CurrentY=Cur rentY+2 1 0

CurrentX:300
Print "No solution possible.r'
Exit Sub
End If

E

i

'b) The elements under AA(f,I).
For J:f+1 To N : S:0
If f>0 Then
For K:1 To I-1
S:S+AA(JrK) *AA(K,I) : NNC:NNC+1
Next K
End ïf
AA(J,I):Aa(J,I)-S
Next J

'c) The elements r19ht of AA(I,I).
For J:I+l- To N : S:0
If I>1 Then
For K:1 To f-1
S=S+AA (r, K) *AA (K, .J) : NNC:NNC+1
Next K
End If
AA(1, g;: (trA(Ir J) -S) /AA(r, ï)
NNC:NNC+l-
Next J
Next Í

' Forward substitution.
c=0
For I=1 To N : S:0
If f>1 Thên
For J=1 To G

S-S+AA(ï'J)*YY(J)
Next J
End If
YY ( I ) = (BB (ï) -S) /AA (I. I)
G=G+1
Ner<t I
I Backward substitution.
G:N+1
For f:N To 1 Step -1 : S:0
If f<N Then
For J:N To G Step -1-
S:S+AA(ï, J) *XX (J)
Next J
End If
xx(I):YY(I)-s
G:G-1
liext ï
End Sub

I

t

I

I



b2
I=1 5.47

I-2 -2.5
EX2-2-5

5. E3

EX2 EX3 Elgt EXs EX6 E)('

STORE NR=? €ET

ITKI Aoain cb

GAUss Endl

cRotn )o(l)
EXI

PÍf

Example of page 1. N=3 equatíons. EX1

2*xl- +3*x2 +4*X3 = B 1)
5*x1 +10*X2 +15*X3 = 30 2)
3*X1 +6*X2 +5*X3 : -2 3)

ike shown here below arrd find theInput I
results
Example

X1:3 x2:-6 x3:5.

L 5,47

2 -2,54

-2's0 ! l[(ll -
sr33 x ÏX{2} =

. {65 .308 -,0?l 3

-30E .,198 -.1?? -s
-,o?L -.L't7.427 0

EXl

PÍF

EX2 EX3 EX,I EXs EX6 ET'

STORE NR=? GET

l-EKl Aoain cls

cAuss Ettd I

96991 xx(l)

. N=2 equations EX2

5,47*X1 -2,50*X2-- -9 l-)
-2,50.*X1 +5.,83*X!: 9 2J

Tlpe in TSTRING N:2 Enter,
N=2 appears in the sêcond rectangular.
EquatÍon I=1.
fype in TSTRING I=1,5.47-,-2.5,-9 Enter'
the line with data appears bel-ow N:2.
Equation I=2.
Type in TSTRING T.=2 -/, 5 5. 83 9 Enter.

Next click GAUSS, the equatíons are shown and
below the solution after the elimation process

XX (1): -1'I7 /EA and xx(2) = 1,A4/EA.

A click on XX(I) also shows the results and
GAUSS NMD=? the nunlcer of multi-plications and
divisions with the method of GAUSS.

For sofution with CROUT the data should be put
in again, but, see here below to store the data
put in for later use,

The equations of this eaxample can be found on
oaae 11 of Disclaeement/deformation method.

Example . N:3 equations. EX3

-9,00
9,00

I 5,47

0,00

-2,50 r -I,17 =

4,69 t 1'04 =

-9,00
il, S9

E{lr)'
to({e)=

-1, r?

l-04 @It55 N{Its 7

U=3
I=l
Í=2
I-3

EX3

L 0,47

2 or3l
3 -0.07

3,00

-5r 00

0,00

0,31 -0,07 r xx$L -
0,49.-0,18 Í xx(2) -

-0,18 0',13:r XX{3} =

0,3l
ot2e

0,00

3,00

-€,99
-2,74

1)
z)o,17

0,00

0, 00

-0,07 r 23,90 =

-0,13 r -?A,LZ =

0,36 x -7,6Ê =

0,465*XL +0,308*X2 -0,071*X3 = f
0,308^x1 +0,488*x2 -0,177*X3 = -$

-0,071*xL -otJ,'77*x2 +0,427*X3 : Q
1

2

3

xx(11=

la((2)=

:0{(st=

23,90

-28,12

-1.6e GÀIt55 nHD' 20

Input of eguation data N:3 Enter.

I=1 465 .308 071 3 Enter

I=2,.308..488, -.1,77 -5 Entêr and

I=3 -.0'77 L'7',l .42'1 0 Enter

Click STORE, if e.g. NR=3 is not underfined'
then become STORE and NR=3 under]Íned.

If the input of a line is not correct then put
in one more time the line of data to repair the
mistake/error,
Click GAUSS with the foliouing results,

xx {1) :23.90/EA XX(2)= -28,12/EA and
xx(3): -7,68/EA. GAUSS NMD=20

With CROUT Click first Again, next click NR:

to e,g. NRd and click GET becoming. GET" and
click CROUT to get the same resuLts shoÍtn on
the left and click XX(r) with CROUT NMD=17

number of multi-plications and ctl-vl-s1ons.

see page il ot displcenre3t/deformation method,
here with rounded numbers/values.

r 0,47 0,3r -o.07 -
2 0,31 0r{9 -0,18 =
3 -0,0? -0,18 0,43 -

3,00

-5,00
0,00

L 0,41

2 0.3L

3 -0,07

. r 6'45-

. t -24'64 =
0,3€ r -?,68 =

0,28

-0, 13

3,00

-5,00
0,00

xx (1) =

rs(2,=
IO(t3) =

0,66

I

23,90

-23,L2

-7,5e

-0,15r 21.90= 6',45

-0,{6!-28,12= -24,60

L t -7,58= -7,65

CROIIT MlD- l7

/o



I 9{,20 15,90

2 15,90 18E,?0

3 6,90 {0,90

{ 40,90 30,90

6,90

40,90

59,50

47 170

,10,90 = 52{,00

30,90 =-320,00

41,70 --32A,OA

8?,30 =-,12?,00

EX4

1 9{,20 15'90 6'90 {0'90 r 10,34 - 524tA0

2 0,00 186'02 39,?4 2,1,00 r -L,t1 - -{08'{5
3 0,00 0'00 50'51 39,59 r 3,2{ = -2?1,13

4 0,00 0'00 0,00 35,{3 I 19139 = -389135

EXl EX2 EX3 EX4 EXs É$ Er/
prF STORE NR=? G€T

@ neain cb

cAuss Endl

cRorrT )o(0)

xxírt=
Iot {2) =

xx(31-

xx {4) =

l0,3il
-L,1?

3,24

-10,99 GA0SS U{D= 42

Example. N:5 equationsU, EX5

See page 34 of Displ-acement,/deformation method,
tne 6i?-frere are multiplied by 1000 to rftake

input of data easier. After input i-t looks like
shown here below.

N=5
I=I I48 -57 53 -30 -35 9000

Í=2 -57 329 -4L 54 64 0

I=3 53 -4I 4't -35 -42 Q

1-4 -30 54 -35 134 {6 0

I=5 -35 64 -42 {6 406 0

r 1{e,00

2 -5?,oo
3 53,00

4 -30,00

5 -35,00

-57,00 53,00 -30,00 -35,00 r XX(1) - 9000,00

329,00 -11,00 5,1,00 6,1,00 r E((21 = 0.00

-{1,00 ,17'00 -a5,00 -12'00 r XX(31 = 0,00

5i1,00 -35,00 134,00 16,00 ! XX{l) = 0,00

64,AQ -42,0A {6'00 a06,00 ! Xf{st - 0,00

Example N:4 equations. EX4

See page 91 of Displacement method.
The data of the four equations are hun-
dred times as large put in.

N:4
I:I, 94,2,15.9, 6.9, 44.9,524 Enter,
I:2, 15. 9, 1BB .1A0.9,30.9, -320 Enter,
I:3, 6.9, 40.9,59.5, 41.1,-320 Enter and
Í:4 , 40. 9 

' 
30 . 9 , 47 .7 ,87 .3 ,:427 Enter.

1 9{,20 15, 90

2 15,90 198,?0

3 6,90 {0,90

4 4A,90 30,90

6,90

40r 90

59,50

47,10

{0,e0t glLl- 52,1,00

30,90t XX(2)--320,00
47,70t XX(3)--320,04
9?'30! lo({11=-421'00

L 94,20

2 L3,9O L86,02

3 €,90 39,?{

4 40,90 24,00

50,5I

39,5Ê

. Í 5,56- 524,00

. t -2,2O --320,00

. ! -5'3?--320100
35,13r-L4,99--127,00

l1 0, 1?

I
4,01

o,2L

I

01{3 :r 10,34 =
0,r3 ! :L!f. -
0,?g r 3,2t1 -

I ! -10,99 -

51 56

-2,20
-5,37

-10,99

2

3

I

tff{1)=
lo({2}=

lo((3) =

xx (4) =

10,34

-r,4'1
3,24

-r0,99 cRoln t$rÈ 36

1 0,15

2 -0.06

3 0,0s

| -0,03
5 -0,0{

-0' Otl *
0f06 =

-0,04 -
0,05 =
0,{l *

91 00

0r 00

0, oo

0,00

o,00

-0,06
0.33

-0,0{
0,05

0,05'

0,05 -0,03

-0,0{ 0,05

0,05 -0,04
-oro{ or13

-0,04 o,05

l. 0,r5 -0,06 0,05

2 0,00 o,3! 4,o2
3 0,00 0,00 0,03

'! 0,00 0,00 0,00

5 0,00 o,0o o,oo

-0,03
0,04

-a,02
0,10

0,00

-0,01 r 104,13 -
0,05 ! 4,93 -

-0,03 r-121,{A =

0,01 r -9,?3 -
0136 n -3,4? =

9,00

3,47

-2,99
-1,06

-r,26

-9,i3
-3r47 qoss sll)- 75

-xrtlt=

xx(51=

-5?,00 53,00 -30,00
329,00 -41,00 54,00

-41,00 4?,00 -35,0o

54,00 -35,00 13d,00

64,00 -d?'00 ,16,00

1 l48,oo
2 -5?,00
3 53,00

d -30,00
5 -35,00

-35,00r :(x{U -9000,00
54,00r XX{21 = O,Oà

-42,0As XX{3)= 0,00

46,00t XX('l) - 0'00

It06,00! XXl5, = 0,00

1 148,00 ! 60,81 - 9000,00

2 -5?,00 30?,05 . r 11,29 - 0,00

3 53,00 -2Q,59 26,64 \-Ll2,26 = 0'00

!t -30,00 42,45 -21,4L 104'84 . t -10'Og = 0100

5 -35,00 50,52 -26,0A L0'96 362,73 ! -3,11? = 0,00

II
2

3

4

5

-0,39
I

4,36

-0,0?
1

-0r20
0, ltl

-0, s0

:

-O,24'Írq{,1.3= 60'81

0,15! 4,9X- LL,Zg

-0,99 r-123'{8 = -IL2,26

a,Io'r -:!2]j= -l0r0e
L z -H-- -3'47

lal(11= 104'13

xx(21= 4'9x

l(lt(3)= -123, aB

xx(4)- -9.73
t(x(51= -3.47 cRcttf nHÈ 55

//



I 9,1{

2 -3,08
3 -0,10
4 -9,L2
5 3r0g

€ o,0o

-3,0€
13,5{

0,08

3,08

-1,06
0,00

-0, l0
0,08

I, l3
-0,03

-0,09
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-0, 13

9,13

0,00

0,00

I 9,14

2 0,00

3 0,00

4 0,00

5 0,00

6 0,00
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0,00

0,00

0, o0
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0r 00

0,00

31 0g
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-0r 05
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0,00

0,00 :-130,30 =

0,00 r 0,00 -
0,00 r t,29 =

-0,06 r -65126 -
0,1s r lry =

0,32 n -39,98

-3,081

13,538

0,082

3,081

-1, 058

0

-9, L15

3,081
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-0, 013
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0, d6

5,96
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0,163

0

0

0

-0,055

0,163
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v2x

U2Y
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U3X

U3Y

UR3

edge to see more.

N:6
f:L, 9 . L42' -3.081' -Q. L02' -9 . 1L5' 3 - 081, O' O. 46
like done for this example.

Or, 'shorter' as follows' x 1000f
ï=L, 91 42 t -3081' - 1A2' - 91-3-5 í 3A81, A, 460
Etc.

I

Examp]e. N=6 equationsU,

See page 72 of
Not enoug'h spac

EX6

Di acement deformation mêthod
e on the form, moving the right

F21_X+F23X

r'21Y+F23Y

M2I+t"123

F32X+F34X

F32Y+F34Y

M32+M34

!
t.

I
1

o

9.

1

2

3

4

5

6

9,142

-3, 0Bl_

-o, r02

-9,115

3,081

0

0, 46

5, B0

8, 60

-0,48

11r 0?

8,27

-0,r02

a toB2

1, 133

-0,028

-0,082

0

(Moved the right vertical line to the right. )

l(x{1,=

l0({2}=

to((31=

!(t(11)=

n(s)-
nr(61-

-44,02

-!21,81
0,79

8,20

-6i1,011

LgL,22

:oï (1) -
ror(2)=

Jq{3}=

Io{ {4) =

xx{5)=
xx(5)=

-44,02

-r27,81
o,79

4,20

-64,44
LgL,22

Example. N:7 equatlons fV?

See page ?? of Displacement,/defqrmation
netfroa. The data of Seven equations to
zut in, it can be done, easily making a

mistake, but after some mistakes the re-
sults can be found.
On the left the print after clicking EX?

and GAUSS.

the data of FjX7 are written with three deci-
mals, shown/prÍnted with two. See page 77 '

AA(1,1(:0.833 : AA(1,2):-0.26 : AA(1,3):0
M(2,1):-0.26 : AA(2,2) 9.228
AA(2,4):-0.205 ; P?.(2,-9.t1'7 etc.
Cl-ick Again, next EX? and CROUT, the
screen shows the three matrices, but
nothing of theÍn shown here,

In both cases click XX(I) givi-ng
NMD= 141.

E({r.)= -lgo'ro
XX(2)= 0,80

p({3)= 9,29

xx(4)= -6s'26

:o1(s|= !94,76

)o((5)= -s9,98 €ÀOSs Ul{D= r21

xxtr)= 439.
E((21- 0'E0

)d{a}' 8,29

xX{41= -65,26

S{5t- I94,16

Xx(e)= -39'98 CNOIrT 106
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-0,16 Í XI((6) =

0r 00

0,05

4,Ê0
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o,oo L,3o

o, oo o, o0
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r lËJ3à 
=
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& Q,79 =

t A'2O =

x 164'04 =

r L9L,22 =

I B;99

2 O,00

3 0,00

{ 0,00

5 0,00

6 0,oo

-8;98
9,15

0,00

0,00

0r o0

0,0o

-8;86
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9rL3

0r 00

-8; &F

3,07

-0,0?

-0,14
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0, ta

o,34

0r 03

-q rL6

-ttïE

o,05

4,62

6r 06

L,26

10,51

ÊX2 EX3 EX4 EXs EG

STORE NR=? GEt

0,31! 39'60- 12'18
Again cb

-E'd I

0,00
foTl

EX'1

PÍF

Éx? GAUSS

cRour )o((l)

X-6
Í=L 9.L42 -3.Oel -0.102 -9.115 3.091 0 0.{6

I=2 -3.081 13.53S 0.0e2 3.081 -1.058 0 5.S0

I-3 -0.102 0.0e2 1.133 -0.02S -0.082 0 8.60

I=4 -9.115 3.0€l -0.028 18.234 -0"013 -0.055

I=5 3.081 -1.059 -0,0S2 -0.0r3 2.155 0.163

I=6 0 0 0 -0.055 0.163 0.6?? 9.2?

11.07

g{71- 39,60 ceIlSS iUD= I't2 )o((7)- 39,60 CEOm UUIF 1€r. GAUSS NMD: LB2 and CROUT
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